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Fourth-order strong-coupling degenerate perturbation theory is used to derive an effective low-
energy Hamiltonian for the Kondo-lattice model with a depleted system of localized spins. In the
strong-J limit, completely local Kondo singlets are formed at the spinful sites which bind a fraction
of conduction electrons. The low-energy theory describes the scattering of the excess conduction
electrons at the Kondo singlets as well as their effective interactions generated by virtual excitations
of the singlets. Besides the Hubbard term, already discussed by Nozie`res, we find a ferromagnetic
Heisenberg interaction, an antiferromagnetic isospin interaction, a correlated hopping and, in more
than one dimensions, three- and four-site interactions. The interaction term can be cast into highly
symmetric and formally simple spin-only form using the spin of the bonding orbital symmetrically
centered around the Kondo singlet. This spin is non-local. We show that, depending on the
geometry of the depleted lattice, spatial overlap of the non-local spins around different Kondo
singlets may cause ferromagnetic order. This is sustained by a rigorous argument, applicable to
the half-filled model, by a variational analysis of the stability of the fully polarized Fermi sea of
excess conduction electrons as well as by exact diagonalization of the effective model. A similar
fourth-order perturbative analysis is performed for the depleted Anderson lattice in the limit of
strong hybridization. Even in a parameter regime where the Schrieffer-Wolff transformation does
not apply, this yields the same effective theory albeit with a different coupling constant.
PACS numbers: 71.27.+a, 75.10.-b, 75.20.Hr, 75.30.Mb
I. INTRODUCTION
The Kondo-lattice model1–5 is a prototypical model of
itinerant conduction electrons interacting with a system
of localized magnetic moments. It is a generic model
to describe, e.g., the magnetism of heavy-fermion sys-
tems where the localized magnetic moments result from
a partially filled inner shell and where those moments are
coupled indirectly by means of the conduction electrons.
The indirect coupling is caused by a local, typically an-
tiferromagnetic exchange interaction of the form JsiSi
where Si is the localized spin at a site i and where si is
the local spin of the conduction-electron system at the
same site. If J is sufficiently weak, the effective inter-
action JRKKY ∝ J2 between the localized spins can be
derived perturbatively.6–8
For moderate J , collective magnetism competes
against the Kondo effect,9,10 i.e., the screening of a lo-
calized spin by an extended cloud of conduction elec-
trons, and in the absence of collective magnetic order,
the scattering of the conduction electrons at the local-
ized spins leads to the formation of a strongly correlated
heavy-fermion state. But even in the strong-coupling
regime, an indirect magnetic coupling between the local-
ized spins survives. For example, an extended range of
ferromagnetic order in the phase diagram has been found
for the D = 1 dimensional model3,11–14 or for the model
on D =∞ dimensional lattices.15,16 Here, the Kondo ef-
fect has been recognized to even cooperate with magnetic
ordering.14,16 Furthermore, for J → ∞ the problem can
be mapped onto the infinite-U Hubbard model by iden-
tifying unscreened spins with singly occupied sites and
local Kondo singlets with unoccupied sites.17 Therewith,
ferromagnetism in the strong-J and low-electron-density
limit can be related to the Nagaoka mechanism.18
The essence of the Kondo effect is actually captured by
the Kondo-impurity model.10,19 The impurity case can
be realized by a single (R = 1) localized spin which is
antiferromagnetically exchange coupled to a system of N
conduction electrons hopping over a lattice of L sites.
Contrary, there are R = L localized spins in the Kondo-
lattice model. Here the following question suggests itself
and is obviously of great fundamental importance: How
does ferromagnetic order emerge on the way from the
impurity case R = 1 (non-magnetic), over the dilute case
with a small fraction R/L of magnetic impurities, to the
dense case with R = L?
An important model in this context is the depleted
Kondo-lattice model with a number of R < L localized
spins which is still far from the dilute limit. For a reg-
ular depletion of the lattice of localized spins, with a
certain fixed spin-spin distance d, this model fully com-
prises the intricate physics of local or temporal quantum
fluctuations present in the impurity case. However, the
full complexity of lattice coherence effects is somewhat
suppressed and, depending on d, the model is more ac-
cessible to a mean-field-like picture with less important
spatial correlations.20
It still mimics a metallic heavy-fermion state: Starting
from a Kondo insulator that can be realized on a dense
and half-filled Kondo lattice, N = R = L, a metallic
heavy-fermion state is usually approached by “doping”
the system, N < L. Depletion of the lattice of localized
spins, R < L, can likewise lead to a metallic state, as
pointed out in Ref. 21, as this produces excess electrons
which, in the strong J limit, are not bound in local Kondo
singlets but are itinerant. For the D = 1 dimensional
case, a sketch of the depleted Kondo lattice model with a
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2distance d = 2 between the localized spins, i.e., R = L/2
is given by Fig. 1 (top).
With the present study we address the depleted
Kondo-lattice model in the strong-coupling limit. Our
main goal is to derive an effective low-energy Hamilto-
nian by means of strong-coupling perturbation theory,
i.e., perturbation theory in powers of t/J where t is the
nearest-neighbor hopping connecting to the local Kondo
singlets. It turns out that fourth order perturbation the-
ory is sufficient to lift the macroscopic ground-state de-
generacy of the unperturbed t = 0 Hamiltonian. The
resulting effective Hamiltonian Heff describes the emer-
gent correlations among the excess conduction electrons,
which are a priori uncorrelated, resulting from virtual ex-
citations of the local Kondo singlets as well as the scatter-
ing from the singlets. Heff contains a Hubbard-like term
as already predicted by Nozie`res22–24 but also includes
additional non-local interaction terms. Interestingly, it
can be written in an extremely compact and formally
simple form using a representation with non-local spins
centered at the local Kondo singlets.
The benefit of the effective theory is that the strong-
coupling physics of the depleted model can be addressed
easily while direct numerical approaches, such as density-
matrix renormalization,25,26 suffer from the necessity to
resolve the extremely small energy gaps that become rel-
evant in the strong-coupling limit.
We first consider the depleted Kondo lattice with spin-
spin distance d = 2 but then also for other distances
d ≥ 2 and for irregular depletion. Furthermore, the
perturbation theory is carried out for an arbitrary D-
dimensional lattice. Finally, we also consider the de-
pleted Anderson lattice model in the limit of strong hy-
bridization (see Fig. 1, bottom, for a sketch). This can be
treated analogously – also in a parameter regime where
it cannot mapped onto the depleted Kondo lattice by
means of the Schrieffer-Wolff transformation.27,28
Fourth-order perturbation theory is sufficient if d 6= 1,
i.e., if two localized spins (orbitals) are not nearest neigh-
bors. This somewhat restricts the conceivable geome-
tries, particularly for dimensions D > 1. Our perturba-
tive analysis applies to systems with conduction-electron
concentrations N/L such that there are excess conduc-
tion electrons that are not bound in local Kondo (An-
derson) singlets for J → ∞ (V → ∞). This includes
the case of a half-filled conduction band with N/L = 1.
In general, N/L > R/L must be assumed. If d = 2,
for example, the case N/L = R/L = 1/2 corresponds to
a quarter-filled conduction band but the physics resem-
bles the Kondo-insulator physics of the half-filled Kondo
lattice in the dense case (d = 1 or N = R = L). For con-
centrations N/L < R/L, Kondo singlets must be broken
even in the unperturbed state. The physics in the situa-
tion resembles the case of the doped Kondo insulator in
the dense Kondo-lattice model. Note that this regime has
been analyzed by means of strong-coupling perturbation
theory before, see Refs. 3,29.
The effective theory derived in the present paper has
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FIG. 1: (Color online) Schematic picture of a depleted Kondo-
lattice (top) and a depleted Anderson-lattice model (bottom)
in D = 1 dimension with a distance d = 2 between localized
spins or orbitals, respectively. Nearest-neighbor hopping t
of conduction electrons takes place between the sites of two
sublattices A and B (blue and red). In the Kondo case, the B
sublattice sites are coupled via an antiferromagnetic local spin
exchange J to the localized spins (yellow). In the Anderson
case, the B sublattice sites are coupled by a hybridization V
to the correlated impurity sites (yellow) with local Hubbard
interaction U . The conduction-electron system consists of
L lattice sites and N electrons. There are R local spins or
localized orbitals, respectively.
already been successfully used in different previous stud-
ies. Particularly, it has been employed to explain ferro-
magnetic correlations and ferromagnetic long-range or-
der in different one- and two-dimensional realizations of
the depleted Kondo model.20,30 It explains the ferromag-
netic coupling of local magnetic moments that are formed
in the a priori uncorrelated conduction electron system
on the A-sublattice sites (see Fig. 1) due to quantum
confinement between local Kondo singlets, an effect that
has been termed “inverse indirect magnetic exchange”.20
Furthermore, the effective model has been employed in a
recent work on exchange mechanisms in confined Kondo
systems.31
There are many other possible fields of applications.
For example, a closely related problem is that of superlat-
tices consisting of a periodic arrangement of f -electron-
and non-interacting two-dimensional layers studied in
Ref. 32. Another type of systems is given by magnetic
atoms on non-magnetic metallic surfaces where scanning-
tunneling techniques nowadays not only allow for a ma-
nipulation the system geometry on the atomic scales but
also an atomically precise mapping of spin-dependent
couplings.33–35 It will also be interesting to employ the ef-
fective theory for studies of randomly depleted Kondo lat-
tices which capture essential physical properties of Kondo
alloys and have been studied previously, see Refs. 36,37.
In the present paper, the effective theory is used to
study the magnetic properties of the model depicted by
Fig. 1. For the case of half-filling and using the non-
local spin representation, one can easily prove that the
fully polarized ferromagnetic state is among the ground
states. Off half-filling we employ a simple variational
wave-function approach as well as exact diagonalization
to study the question whether the one-dimensional de-
pleted Kondo lattice with d = 2 sustains ferromagnetic
order in the strong-J regime.
3The paper is organized as follows: The perturbation
theory for the depleted Kondo lattice is worked out in
the next section. Sec. III deals with the more compli-
cated depleted Anderson model. A comparison between
both is made in Sec. IV. In Secs. V and VI different repre-
sentations of the effective model are discussed. The vari-
ational and exact-diagonalization results are presented in
Sec. VII. Finally, Sec. VIII discusses the generalization
to arbitrary, e.g., diluted system geometries. The main
conclusions are summarized in Sec. IX.
II. STRONG-COUPLING PERTURBATION
THEORY FOR THE DEPLETED
KONDO-LATTICE MODEL
The Hamiltonian of the depleted Kondo-lattice model
is given by:
H = t
∑
〈ij〉,σ
c†i,σcj,σ + J
∑
i∈B
siSi . (1)
We consider a D-dimensional lattice consisting of L sites
labelled by i. The first term describes the nearest-
neighbor hopping of a system of N non-interacting con-
duction electrons with hopping amplitude t on this lat-
tice. σ =↑, ↓ indicates the spin projection. The second
term represents the local antiferromagnetic spin inter-
action with coupling strength J > 0 at the sites of a
sublattice B.
The sublattice B consists of R sites. The remaining
L−R sites of the lattice form the sublattice A. We do not
assume the original lattice as bipartite, and the number
of sites in A and B is arbitrary and may be different in
particular. It is required, however, that each B-sublattice
site is connected by the nearest-neighbor hopping terms
to A-sublattice sites only, i.e., sites with local interaction
J must be surrounded by uncorrelated sites. The system
given by Fig. 1 (top) in fact represents the “most dense”
system under this constraint.
The interaction term at a site i ∈ B involves the local
conduction-electron spin,
si =
1
2
∑
σσ′
c†i,σσσσ′ci,σ′ , (2)
where σ is the vector of Pauli matrices, and the localized
spin Si. We assume that Si is a spin-1/2 operator with
S2i = 3/4 as usual.
To derive an effective low-energy model for the strong-
coupling limit (|t|  J), we employ fourth-order pertur-
bation theory in the hopping connecting the B-sublattice
to the A-sublattice sites. For the system given by Fig. 1
(top) this comprises all hopping terms, and we will first
concentrate on this special situation for clarity. The the-
ory can easily be extended to more general geometries as
well (see Sec. VIII).
As the starting point we first consider the unperturbed
Hamiltonian
H0 =
∑
i∈B
H(i)0 = J
∑
i∈B
siSi . (3)
This is just the atomic limit (t = 0) of the depleted
Kondo lattice given by Fig. 1 (top). The antiferro-
magnetic interaction between impurity and conduction-
electron spins on the B sites favors the formation of local
Kondo singlets:
|KSi〉 = 1√
2
(
c†i,↓|0i〉 ⊗ | ↑i〉 − c†i,↑|0i〉 ⊗ | ↓i〉
)
. (4)
Here |0i〉 denotes vacuum state at the i-th lattice site of
the conduction-electron system, while |Mi〉 = | ↑i〉, | ↓i〉
refers to the spin state of the impurity that is coupled
via J to the i-th lattice site. For a total conduction-
electron number N in the range R < N < 2L−R all im-
purity spins form Kondo singlets with conduction elec-
trons. The remaining N − R electrons occupy L − R
sites. Each of the four possible “atomic” configurations
|Xj〉 = |0j〉, c†j,↑|0j〉, c†j,↓|0j〉, c†j,↑c†j,↓|0j〉 can be realized at
these sites since all sites are decoupled for t = 0. Con-
sequently, there are (2(L−R))!(N−R)!(2L−R−N)! orthogonal ground
states
|φ0〉 =
⊗
i∈B
|KSi〉
⊗
j∈A
|Xj〉 (5)
of the unperturbed Hamiltonian H0.
On the contrary, if the total electron number is N < R
or N > 2L − R, not all impurity spins can form Kondo
singlets with conduction-electron spins. There are ei-
ther not enough or too many conduction electrons to
screen all spins. If N < R the ground-state degener-
acy is R!N !(R−N)! while for N > 2L−R the degeneracy is
R!
(N−(2L−R))!(2L−N)! .
The ground-state degeneracy is expected to be lifted,
partially or completely, apart from the trivial 2Stot + 1
spin degeneracy, by switching on the hopping t between
neighboring conduction-electron sites, i.e. by adding
H1 = tH˜1 = t
∑
i∈B
H˜(i)1 = t
∑
i∈B
∑
j∈Ai
∑
σ
(
c†i,σcj,σ + H.c.
)
.
(6)
Here Ai is the set of sites of sublattice A neighboring the
B-sublattice site i.
We aim at an effective low-energy Hamiltonian for
the case R < N < 2L−R. For the cases N < R and
N > 2L−R one needs to perform a different type of the
perturbation theory. The latter would be similar to the
one for the dense Kondo lattice carried out in Ref. 3, and
is not part of the present work.
To derive the effective Hamiltonian we employ stan-
dard perturbation theory as described in Ref. 38, for ex-
4ample, in particular the following relation:
P0H˜1
∞∑
k=0
tk+1
(∑
l>0
PlH˜1
E − El
)k
P0|ψ〉 = (E − E0)P0|ψ〉 .
(7)
This is just a reformulation of the Schro¨dinger equation
H|ψ〉 = E|ψ〉, with H = H0 + tH˜1, which is suitable for
applying k-th order degenerate perturbation theory. In
Eq. (7)
P0 =
⊗
i∈B
P
(i)
0 with P
(i)
0 = |KSi〉〈KSi| (8)
denotes the projection operator onto the subspace of
ground states of the unperturbed Hamiltonian with
ground-state energy E0 = − 34JR, while Pl is the pro-
jection operator onto the l-th subspace of excited states
with eigenenergy El. We have Pl =
∑
γ |φl,γ〉〈φl,γ | where
the sum runs over all excited eigenstates |φl,γ〉 with the
same energy El which differ from each other by excita-
tions of different local Kondo singlets.
To derive the effective Hamiltonian, one has to get rid
of the energy dependence of the left-hand side of Eq. (7).
This is achieved by expanding the eigenenergy E on the
left-hand side in a power series, E = E0 +
∑∞
k=1 t
kE
(k)
0 .
Here E
(k)
0 are the k-th order corrections to the ground-
state energy which can be determined order by order.
The first excited energy level E1 = E0 + 3J/4 corre-
sponds to states where one of the local Kondo singlets is
broken by adding or removing an electron from the corre-
sponding B-sublattice site via virtual hopping processes.
The according projection operator is
P1 =
∑
i∈B
P
(i)
1
i′ 6=i⊗
i′∈B
P
(i′)
0 with P
(i)
1 = |0i〉〈0i|+ |Di〉〈Di| .
(9)
Here |Di〉 = c†i,↑c†i,↓|0i〉 stands for a doubly occupied site
i.
States where one of the local Kondo singlets is excited
to a local triplet state belong to the second excited energy
level E2 = E0+J . The corresponding projection operator
can be written as
P2 =
∑
i∈B
P
(i)
2
i′ 6=i⊗
i′∈B
P
(i′)
0 with P
(i)
2 =
∑
m=−,0,+
|Tmi 〉〈Tmi | .
(10)
Here |T+i 〉 = c†i,↑|0i〉 ⊗ | ↑i〉, |T−i 〉 = c†i,↓|0i〉 ⊗ | ↓i〉
and |T 0i 〉 = 1√2
(
c†i,↓|0i〉 ⊗ | ↑i〉+ c†i,↑|0i〉 ⊗ | ↓i〉
)
are the
triplet states.
The third excited energy level contains two broken
Kondo singlets, and its energy is E3 = E0 + 3J/2. The
corresponding projection operator is
P3 =
i1>i2∑
i1,i2∈B
P
(i1)
1 P
(i2)
1
i′ 6=i1,i2⊗
i′∈B
P
(i′)
0 . (11)
1
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FIG. 2: (Color online) Illustration of a typical fourth-order
process consisting of the following four steps: (1) A Kondo
singlet at site i ∈ B is broken, i.e. it is excited to a state where
the site i is either empty or doubly occupied. (2) The system
is further excited to a local triplet state at the same site. (3)
The system returns to a broken Kondo singlet state. (4) The
local Kondo singlet is restored at site i.
This is the highest excited-state manifold that has to be
taken into account in fourth-order perturbation theory.
As for any finite term in Eq. (7) a local Kondo singlet
must be broken and reconstructed again, an even number
of hopping processes is required, i.e. all odd-order terms
vanish. Hence, the first non-vanishing term is of second
order. It comprises processes where, due to virtual hop-
ping, one of the Kondo singlets is excited to a broken
Kondo-singlet state, i.e. to a state where the correspond-
ing B-sublattice site is either empty or doubly occupied.
After a second hopping process the Kondo singlet is re-
stored. The calculation shows, however, that due to the
particle-hole symmetry of the unperturbed Hamiltonian
H0 (see Eq. (3)), i.e., of the individual Kondo singlets,
such processes essentially cancel each other. Let us stress
that this does not constrain the filling for the full problem
given by the Hamiltonian H (see Eq. (1)). The second-
order term turns out to be merely given by a constant
t2
∑
i∈B
P0H˜(i)1 P (i)1 H˜(i)1 P0
E0 − E1 = P0
4t2
3J
∑
i∈B
Zi , (12)
where Zi is the coordination number of lattice site i.
Consequently, second-order perturbation theory cannot
lift the ground-state degeneracy of H0.
This is achieved, however, with the fourth-order contri-
butions. Those contain three different types of processes.
Two of them involve the excitation of two different Kondo
singlets to broken Kondo-singlet states and differ in the
order in which Kondo singlets are restored. The calcu-
lation shows that, similar to the second-order term, due
to the particle-hole symmetry of H0, these two types of
processes give rise to an essentially irrelevant constant
5only:
t4
i1 6=i2∑
i1,i2∈B
P0H˜(i1)1 P (i1,i2)1,0 H˜(i2)1 P (i1,i2)1,1 H˜(i1)1 P (i1,i2)0,1 H˜(i2)1 P0
(E0 − E1)2(E0 − E3)
+ t4
i1 6=i2∑
i1,i2∈B
P0H˜(i1)1 P (i1,i2)1,0 H˜(i2)1 P (i1,i2)1,1 H˜(i2)1 P (i1,i2)1,0 H˜(i1)1 P0
(E0 − E1)2(E0 − E3)
= −P0 16t
4
27J3
i1 6=i2∑
i1,i2∈B
Zi1i2 . (13)
Here Zi1i2 is the number of sites which are neighbors
of both, site i1 and site i2. We also use the notation
P
(i1,i2)
α,β = P
(i1)
α P
(i2)
β .
The third type of processes consists of a twofold excita-
tion of the same Kondo singlet, first to a broken Kondo-
singlet state, and later to a triplet state, see Fig. 2 for
an example. These processes are decisive for the effective
Hamiltonian:
Heff = t4
∑
i∈B
P0H˜(i)1 P (i)1 H˜(i)1 P (i)2 H˜(i)1 P (i)1 H˜(i)1 P0
(E0 − E1)2(E0 − E2) . (14)
Inserting the representations of the projection operators,
Eqs. (9) and (10), and evaluating the corresponding ma-
trix elements, we obtain the following explicit form for
the effective low-energy Hamiltonian:
Heff = −P0αK
4
∑
i∈B
∑
j1,...,j4∈Ai
∑
σ
c†j1,σcj2,−σc
†
j3,−σcj4,σ .
(15)
Here
αK = 64t
4/3J3 (16)
is the effective coupling constant. Note that there is a
single energy scale only.
III. STRONG COUPLING PERTURBATION
THEORY FOR THE DEPLETED ANDERSON
LATTICE MODEL
The depleted Anderson lattice model can be treated
in a very similar way. Here, the spin-1/2 Kondo impu-
rities are replaced by Anderson impurities, i.e. by corre-
lated sites with Hubbard interaction U which are cou-
pled to the conduction-electron system via a local hy-
bridization term with hybridization constant V . The
two models with Anderson and with Kondo impurities,
respectively, can be mapped onto each other by means
of the Schrieffer-Wolff transformation27,28 for all finite
J = 8V 2/U in the limit V → ∞ and U → ∞. If these
conditions are satisfied and if J  |t|, both models are
obviously described by the same strong-coupling effective
Hamiltonian. The open question is what happens away
from the Kondo limit when there is no direct mapping.
To investigate this issue we perform perturbation the-
ory for the depleted Anderson model as well. Now the
unperturbed part of the Hamiltonian, H(i)0 , replacing Eq.
(3), is given by
H(i)0 = V
∑
σ
(
c†i,σfi,σ + H.c.
)
+U
(
nfi,↑ −
1
2
)(
nfi,↓ −
1
2
)
(17)
while the perturbation H1 is unchanged and still given
by Eq. (6). The strong-coupling limit in the Anderson
case corresponds to the limit |t|  V . The subsequent
derivation is again valid for total particle numbers in the
range R < N < 2L−R.
As compared to the Kondo case, the excitation spec-
trum of the unperturbed Hamiltonian is much richer for
the depleted Anderson lattice. Still the unperturbed
problem at a site i of the sublattice B, given by H(i)0 ,
can be solved analytically, see Ref. 39 and Appendix A
for the resulting eigenvectors |i; q,m, l〉 and eigenvalues
E(i)q,m,l. Here q = 0, . . . 4 and m = 0,±1/2,±1 denote the
total particle number and the magnetic quantum number
of the corresponding eigenstate of the two-site problem
H(i)0 and are conserved quantum numbers. Furthermore,
l enumerates the orthogonal states in a sector with fixed
q and m.
The ground-state energy of the unperturbed Hamilto-
nian H0 is E0 = −R 14
√
U2 + 64V 2, and the respective
projection operator is
P0 =
⊗
i∈B
P
(i)
0 with P
(i)
0 = |i; 2, 0, 0〉〈i; 2, 0, 0| . (18)
The excitations of lowest energy result from virtual
hopping processes, in which an electron is temporar-
ily added or removed from one of the Anderson sin-
glets. The corresponding excitation energy is E1 −E0 =
1
4
√
U2 + 64V 2 − 14
√
U2 + 16V 2. Perturbation theory is
justified if |t|  E1 − E0. This condition is fulfilled for
|t|  V and only weakly depends on U . The respective
projection operator is given by Eq. (9) but with
P
(i)
1 =
∑
q=1,3
∑
m=±1/2
|i; q,m, 0〉〈i; q,m, 0| (19)
in the case of Anderson impurities.
The second excited energy level E2 = E0 +
1
4
√
U2 + 64V 2 − 14U corresponds to spin triplet states.
The projection operator P
(i)
2 is given by Eq. (10), but
with |T 0i 〉 = |i; 2, 0, 1〉 and |T±i 〉 = |i; 2,±1, 0〉.
The third excited energy level, similar to the
Kondo case, contains two broken singlet states at
different impurities and its energy is E3 = E0 +
2
(
1
4
√
U2 + 64V 2 − 14
√
U2 + 16V 2
)
. The corresponding
projection operator is specified by Eqs. (11) and (19).
Here, we have to consider also higher excitations which
have no analogue in the Kondo case. The fourth ex-
cited energy level corresponds to the isospin triplet states
|i; 0, 0, 0〉, |i; 2, 0, 2〉, |i; 4, 0, 0〉 (see also Eq. (30)), i.e.
6states where either one of the Anderson singlets is ex-
cited by adding or removing two electrons with opposite
spin, or it corresponds to the second excited state in the
sector q = 2 and m = 0. The energy of this excitation
is E4 − E0 = 14
√
U2 + 64V 2 + 14U , and its projection
operator is given by
P4 =
∑
i∈B
P
(i)
4
i′ 6=i⊗
i′∈B
P
(i′)
0 with
P
(i)
4 =
∑
q=0,4
|i; q, 0, 0〉〈i; q, 0, 0|+ |i; 2, 0, 2〉〈i; 2, 0, 2| .
(20)
The fifth excited energy level refers to excited states
which are also obtained by adding or removing an elec-
tron from the Anderson singlet. It is given by E5 =
E0 +
1
4
√
U2 + 64V 2 + 14
√
U2 + 16V 2, and the correspond-
ing projection operator reads
P5 =
∑
i∈B
P
(i)
5
i′ 6=i⊗
i′∈B
P
(i′)
0 with
P
(i)
5 =
∑
q=1,3
∑
m=±1/2
|i; q,m, 1〉〈i; q,m, 1| . (21)
The sixth excited level is reached by either exciting an
Anderson singlet to the highest energy state in the sector
q = 2 and m = 0 or by breaking two Anderson singlets
with different excitation energies. The corresponding en-
ergy is E6 = E0 +
1
2
√
U2 + 64V 2 and
P6 =
∑
i∈B
P
(i)
6
i′ 6=i⊗
i′∈B
P
(i′)
0 +
i1 6=i2∑
i1,i2∈B
P
(i1)
1 P
(i2)
4
i′ 6=i1,i2⊗
i′∈B
P
(i′)
0
with P
(i)
6 = |i; 2, 0, 3〉〈i; 2, 0, 3| . (22)
The excited state of highest energy which is needed
for fourth-order perturbation theory involves two broken
Anderson singlets with highest excitation energy. We
find E7 = E0 + 2
(
1
4
√
U2 + 64V 2 + 14
√
U2 + 16V 2
)
and
P7 =
i1>i2∑
i1,i2∈B
P
(i1)
4 P
(i2)
4
i′ 6=i1,i2⊗
i′∈B
P
(i′)
0 . (23)
With the low-lying excitations of the unperturbed de-
pleted Anderson lattice and with the above projection op-
erators at hand, we can easily derive the effective Hamil-
tonian. As in the Kondo case and for the same reasons,
fourth-order perturbation theory is necessary to lift the
ground-state degeneracy of H0. Furthermore, odd-order
terms of the perturbation theory are vanishing, and the
second-order terms, due to the particle-hole symmetry of
H(i)0 , provide us with a constant contribution only:
t2
∑
i∈B
∑
l=1,5
P0H˜(i)1 P (i)l H˜(i)1 P0
E0 − El = −P0
t2
(
U2 + 48V 2
) ∑
i∈B
Zi
12V 2
√
U2 + 64V 2
.
(24)
At fourth order, perturbation theory again involves three
different processes. Two of them are given by excitations
of two different Anderson singlets while the third one con-
sists in a double excitation of an Anderson singlet. The
first two processes, due to the particle-hole symmetry of
H(i)0 , result in the constant
t4
i1 6=i2∑
i1,i2∈B
∑
l1=1,5
∑
l2=1,5
1
(E0 − El1)(E0 − El1l2)(E0 − El2)
×
(
P0H˜(i1)1 P (i1,i2)l1,0 H˜
(i2)
1 P
(i1,i2)
l1,l2
H˜(i1)1 P (i1,i2)0,l2 H˜
(i2)
1 P0
+ P0H˜(i1)1 P (i1,i2)l1,0 H˜
(i2)
1 P
(i1,i2)
l1,l2
H˜(i2)1 P (i1,i2)l1,0 H˜
(i1)
1 P0
)
= −t4U
6 + 148U4V 2 + 7056U2V 4 + 110592V 6
864V 6(U2 + 64V 2)3/2
i1 6=i2∑
i1,i2∈B
Zi1i2
− 2U
2t4
9V 2(U2 + 64V 2)3/2
i1 6=i2∑
i1,i2∈B
Zi1Zi2 . (25)
Here P
(i1,i2)
l1,l2
= P
(i1)
l1
P
(i2)
l2
, and El1l2 is the energy of the
excited state with two broken singlets. Correspondingly,
E1,1 = E3, E1,5 = E5,1 = E6 and E5,5 = E7.
Finally, the third type of processes do remove the
ground-state degeneracy of the unperturbed Hamiltonian
H0. We have
Heff = t4
∑
i∈B
∑
l1=1,5
∑
l2=2,4,6
∑
l3=1,5
H(i)eff
H(i)eff =
P0H˜(i)1 P (i)l1 H˜
(i)
1 P
(i)
l2
H˜(i)1 P (i)l3 H˜
(i)
1 P0
(E0 − El1)(E0 − El2)(E0 − El3)
. (26)
This yields exactly the same effective Hamiltonian as for
the depleted Kondo lattice model, i.e. Eq. (15), but now
the coupling constant α depends on U and V as follows:
αA = t
4U
3 + 48UV 2
24V 6
. (27)
Opposed to the Kondo case, the third type of processes
result in an additional constant term:
− 32t4
(
2V 2(U4 + 116U2V 2 + 3456V 4)
9V 4(U2 + 64V 2)3/2
(
U +
√
U2 + 64V 2
)2
+
U
(
U2 + 72V 2
)
9V 2(U2 + 64V 2)
(
U +
√
U2 + 64V 2
)2
)∑
i∈B
Z2i .
(28)
This term is vanishing in the Kondo limit, i.e. for U →∞,
V →∞ but V 2/U → const. as it should be the case.
A reason why we get exactly the same Hamiltonians,
apart from the coupling constants αK and αA, is that
the perturbation theories performed for those two sys-
tems must generate effective interactions on the nearest-
neighbor sites of the Kondo singlets i ∈ B which are
highly constrained by U(1) particle number, the SU(2)
spin and the SU(2) isospin symmetry of the original un-
perturbed Hamiltonians.
7IV. COMPARING DEPLETED ANDERSON
AND KONDO LATTICES
The two expressions for the effective coupling con-
stants, Eqs. (16) and (27), become identical when the
two models can be mapped onto each other, i.e. in
the limit V → ∞ and U → ∞ but J = 8V 2/U 
|t|. This had to be expected from the Schrieffer-Wolff
transformation.27,28
For finite but large on-site interaction (U  V  |t|),
i.e. when charge fluctuations at the impurity sites are
strongly suppressed but non-zero, one can still (at least
formally) introduce an effective coupling J = 8V 2/U be-
tween impurity and conduction-electron spins. With this,
Eq. (27) reads
αA =
64t4
3J3
(
1 +
48V 2
U2
)
. (29)
Thereby it becomes obvious that only for U → ∞ the
coupling constants are equal, αA = αK , while for any
finite but large U , the coupling αA in the Anderson case
is larger as compared to the coupling αK in the Kondo
case for the same value of J . This will e.g. affect finite-
temperature properties and critical temperatures: For
the same J , a phase transition must take place at a higher
temperature in the strong-coupling limit of the depleted
Anderson model as compared to the Kondo case. This
is interesting as the opposite might have been expected
because of the additional charge degrees of freedom and
the related charge fluctuations in the Anderson case.
It is worth pointing out that the first excitation gap of
the two-site problem with an Anderson impurity, namely
∆EA1 = 14
√
U2 + 64V 2− 14
√
U2 + 16V 2 is smaller, for any
U and V , than the corresponding gap for a Kondo im-
purity which is given by ∆EK1 = 34J at J = 8V 2/U .
Therefore, to satisfy the condition for perturbation the-
ory to be reliable, ∆E1  t, one needs a stronger coupling
8V 2/U for the Anderson case as compared to J in the
Kondo case.
We have checked this by numerical calculations using
the density-matrix renormalization group (DMRG)25,26
for the one-dimensional geometry sketched in Fig. 1. A
standard implementation based on matrix-product states
and matrix-product operators is employed (see Ref. 40
for some details). Previous studies have demonstrated
that the system has a ferromagnetic ground state at half-
filling.20,30 Here, to compare the depleted Anderson and
Kondo lattice with each other, we compute the local mo-
ment 〈s2i 〉 as well as the spin-spin correlation 〈sisi′〉 for
different A-sublattice sites i, i′, see Fig. 3.
The results are qualitatively similar for both models:
In the RKKY regime, i.e. for weak coupling (J  |t|
and V  |t|) the local moments on the A-sublattice
sites are delocalized, 〈s2i 〉 = 3/8, and spins on differ-
ent A-sublattice sites are almost uncorrelated 〈sisi′〉 '
0. Contrary, the impurity spins are strongly correlated
〈SiSi′〉 ' 1/4 (not shown). With increasing of J , the lo-
cal moment 〈s2i 〉 and the spin-spin correlations 〈sisi′〉 are
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FIG. 3: (Color online) Density-matrix renormalization group
(DMRG) calculations for the local moment 〈s2i 〉 on the A-
sublattice sites and for the spin-spin correlation 〈si si+r〉 be-
tween the A-sublattice sites (with r = 2, 20 and the central
site i = 24). Calculations are performed for a system with
L = 49 uncorrelated conduction-electron sites (A and B)
and R = 25 impurities, see Fig. 1 for the system geometry.
Solid lines, filled symbols: spin-1/2 Kondo impurities. Dashed
lines, open symbols: Anderson impurities. Results are shown
as functions of J and of 8V 2/U (with Hubbard U = 8), re-
spectively, and cover the crossover from the RKKY regime
at weak coupling to the strong-coupling regime (J  |t| and
V  |t|). The energy scale is fixed by |t| = 1.
increasing, and in the strong-coupling limit (J  |t| and
V  |t|) approach their limiting values 〈s2i 〉 = 3/4 and
〈sisi′〉 = 1/4. The spin correlations are ferromagnetic
and only very weakly depend on the distance between
spins as it is characteristic for the symmetry-broken fer-
romagnetic ground state (see Ref. 30 for a detailed dis-
cussion of the inverse indirect magnetic exchange mech-
anism which governs the system’s magnetic properties in
the strong-coupling limit).
Here, we like to stress that, comparing the results ob-
tained for Kondo and Anderson impurities, convergence
to the strong-coupling limit is considerably faster for the
Kondo model if plotted as functions of J and 8V 2/U ,
respectively. This nicely confirms the above-mentioned
condition for the validity of strong-coupling perturbation
theory based on the excitation gap in the two-site prob-
lems with Kondo and Anderson impurities.
For the depleted Anderson lattice this condition is
1
4
√
U2 + 64V 2 − 14
√
U2 + 16V 2  t. Therefore, the ef-
fective model should not only apply in the Kondo limit
and for strong 8V 2/U , but also in the limit when U  V
but V  t. The latter also includes the non-interacting
system U = 0. However, according to Eq. (27) the cou-
pling constant αA = 0 in this case. This indicates that
perturbation theory does not lift the ground-state de-
generacy of the unperturbed system up to fourth order.
This is due to the fact that for U = 0 spin triplet states
(|2, 0, 1〉, |2,±1, 0〉) and triplet isospin states (|0, 0, 0〉,
|2, 0, 2〉, |4, 0, 0〉, see also Eq. (30)) have the same en-
8ergy. In fact, this degeneracy cannot be lifted in any
order. This is due to the fact that for U = 0 the system
under consideration has a flat band dispersion30 and thus
a highly degenerate ground state for any V .
V. SPIN-ISOSPIN REPRESENTATION
To discuss the physics of the effective Hamiltonian Eq.
(15) we rewrite it in two different ways, starting with a
representation in terms of local spins and local isospins
which is possible for a bipartite lattice. To this end, we
introduce the local isospin at a site j as
tj =
1
2
(
c†j,↑, (−1)jcj,↓
)
· σ ·
(
cj,↑, (−1)jc†j,↓
)T
. (30)
In an eigenstate of tzj with eigenvalue m
(j)
t = −1/2
the site j is unoccupied, while it is doubly occupied for
m
(j)
t = 1/2. After straightforward calculations we find
Heff = α
∑
i∈B
H˜(i)eff (31)
with
H˜(i)eff = −
j1>j2∑
j1,j2∈Ai
(sj1sj2 − tj1tj2)
+
1
2
∑
j∈Ai
(
nj,↑ − 1
2
)(
nj,↓ − 1
2
)
− 1
2
∑
j1,j2∈Ai
∑
σ
c†j1,σcj2,σ
1
2
Zi −
∑
j∈Ai
nj,−σ

+
1
2
all different∑
j1,j2,j3∈Ai
(c†j1,↑cj2,↑ + H.c.)(c
†
j1,↓cj3,↓ + H.c.)
+
1
2
all different∑
j1,j2,j3,j4∈Ai
c†j1,↑c
†
j2,↓cj3,↓cj4,↑ . (32)
For simplicity, here and from now on we suppress the pro-
jection operator P0 in the notation and assume that all
sites of the B-sublattice are occupied by a single electron
forming a singlet state with the impurity.
The first term in the Hamiltonian Eq. (32) is a
Heisenberg-type ferromagnetic spin interaction and is
responsible for the ferromagnetic order found in Refs.
20,30. The second term describes an antiferromagnetic
isospin interaction which favors a charge-density wave or
η-superconductivity.3 However, the repulsive local Hub-
bard interaction, i.e. the third term in Eq. (32), sup-
presses the formation of isospins and rather supports the
formation of spins. The fourth term describes a corre-
lated hopping across the i-th Kondo singlet where hop-
ping of electrons with spin σ depends on the number of
electrons with spin −σ on the neighboring sites of i-th
Kondo singlet. The last two terms in the Hamiltonian
Eq. (32) correspond to non-local pair-hopping processes
of a spin-up and a spin-down electron in the vicinity
of the same Kondo singlet. For the first, the two pair-
hopping processes share one A-sublattice site, while for
the second all A-sublattice sites involved are mutually
different.
It is obvious that the last two terms only exist for two
and higher dimensions. For a one-dimensional system we
have
Heff/α = −
j1>j2∑
〈j1,j2〉∈A
(sj1sj2 − tj1tj2)
+
∑
j∈A
(
nj,↑ − 1
2
)(
nj,↓ − 1
2
)
− 1
2
∑
〈i,j〉∈A
∑
σ
c†i,σcj,σ (1− ni,−σ − nj,−σ) ,
(33)
where 〈i, j〉 means summation over neighboring A-
sublattice sites. This has been discussed extensively in
Ref. 20.
VI. NON-LOCAL SPIN REPRESENTATION
To analyze the ground-state properties of the effective
Hamiltonian, it is instructive to rewrite it in a differ-
ent way. For simplicity, we consider a system with pe-
riodic boundary conditions and translational symmetry
such that the coordination number Zi = Z is a constant.
We divide the B-sublattice into Z sub-sublattices Bm
which we refer to as groups. Fig. 4 illustrates the tiling of
the B sublattice for the case of a two-dimensional lattice.
Each group Bm is represented by a different color. The
effective Hamiltonian, Eq. (15), is given by
Heff =
Z∑
m=1
H(m)eff , (34)
where
H(m)eff = α
∑
i∈Bm
H˜(i)eff (35)
with α = αK or α = αA and where the different terms
H˜(i)eff = −
1
4
∑
j1,...,j4∈Ai
∑
σ
c†j1,σcj2,−σc
†
j3,−σcj4,σ (36)
are pairwise commutative for all i in the same group Bm.
Namely, for a given m the Hamiltonian H(m)eff operates on
the sites of the sublattice A, and furthermore each term
H˜(i)eff operates on a different plaquette of A-sublattice sites
only. (For the D = 1 case, each H˜(i)eff operates on a dif-
ferent bond of two A-sublattice sites). These plaquettes
9FIG. 4: (Color online) Schematic illustration of the effective
Hamiltonian Heff (see main text) for a square lattice. Small
black circles correspond to A-sublattice sites. Large circles
correspond to B-sublattice sites. For each B-sublattice site
i, we introduce a spin Si,1 which operates on electronic basis
states at the neighboring A-sublattice sites. These sites form a
plaquette centered around site i. Due to their non-local char-
acter, spins Si,1 centered at neighboring B-sublattice sites
do not commute. The B-sublattice is thus subdivided into
Z = 4 different and non-overlapping groups of sites (forming
sub-sublattices) represented by four different colors (different
patterns). Pairs of spins belonging to the same group are com-
mutative. Note that each group fully covers the A-sublattice.
(bonds) are centered around the sites i ∈ Bm. This also
implies that we have Z different tilings of the sublattice
A, each specified by m. Each of the tilings of sublattice
A covers the whole sublattice A (see a set of plaquettes
of the same color in Fig. 4). Therefore, it is obvious that
the problem specified by H(m)eff for a given m becomes
exactly solvable. However, the different H(m)eff for differ-
ent m = 1, ..., Z do not commute. This makes the full
problem, Eq. (34) non-trivial.
The Hamiltonian Eq. (36) centered around a site i ∈
Bm can be diagonalized by the following unitary trans-
formation
cj,σ =
Z∑
n=1
η
(i)
jnfi,σ,n with j ∈ Ai . (37)
where ηˆ(i) is a Z × Z unitary matrix and
η
(i)
jn =
1√
Z
for n = 1 and all j . (38)
For a given m, unitarity of the ηˆ(i) ensures that the anni-
hilators fi,σ,n for all i ∈ Bm and all n obey the standard
fermion anticommutation relations. With Eqs. (37) and
(38) the effective Hamiltonian Eq. (36) adopts the fol-
lowing form:
H(i)eff = −
Z2
4
∑
σ
f†i,σ,1fi,−σ,1f
†
i,−σ,1fi,σ,1 . (39)
It is expressed in terms of annihilators and creators re-
ferring to the “bonding” orbital n = 1 only, which is the
orbital that is symmetrically centered around the site
i ∈ Bm.
We define the spin of the symmetric orbital
Si,1 = 1
2
(
f†i,↑,1, f
†
i,↓,1
)
· σ · (fi,↑,1, fi,↓,1)T . (40)
For a one-dimensional system, Si,1 is the spin of the
bonding orbital made up by the two basis orbitals of the
A-sublattice sites neighboring the B-sublattice site i. For
two dimensions, it is a plaquette spin operating on the
A-sublattice sites neighboring the i-th Kondo singlet (see
Fig. 4). Using the following expression for the bond-spin,
plaquette-spin, etc. operators
S2i,1 =
3
4
∑
σ
f†i,σ,1fi,−σ,1f
†
i,−σ,1fi,σ,1 , (41)
we can write the effective Hamiltonian in the conceptu-
ally very simple form
Heff = −Z
2
3
α
Z∑
m=1
∑
i∈Bm
S2i,1 . (42)
For a given m, the ground state of the Hamiltonian Eq.
(35) is a tensor product of the ground states of the H˜(i)eff
with i ∈ Bm. Since S2i,1 = 34 (f†i,↑,1fi,↑,1 − f†i,↓,1fi,↓,1)2,
the eigenvalues of H˜(i)eff are −Z2/4 and 0, and a ground
state of H˜(i)eff is characterized by a fully developed mag-
netic moment on a bond, plaquette etc. Therefore, a
state with all non-local spins aligned in, say, the +z axis
(spin up), not only constitutes a ground state of H(m)eff for
a particularm but is obviously also a ground state ofHeff .
This proves that, at half filling and in the strong-coupling
limit, the fully polarized state is among the ground states
of the depleted Kondo or Anderson lattice.
VII. FURTHER ANALYSIS OF THE
EFFECTIVE HAMILTONIAN
To address the question of a possible ground-state de-
generacy and fillings off half-filling, one may apply varia-
tional techniques and exact diagonalization. To this end
it is convenient to assume periodic boundary conditions
and to rewrite the Hamiltonian Eq. (15) in momentum
representation:
Heff =
∑
k,σ
E(k)c†k,σck,σ
+
1
LA
∑
p,q,k
Up,q,kc
†
p,↑cp−k,↑c
†
q,↓ck+q,↓ , (43)
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where LA is number of A-lattice sites and where
E(k) = −Dα
2
ω2(k) (44)
is the effective dispersion. Furthermore,
Up,q,k =
α
2
ω(p)ω(q)ω(p− k)ω(k + q) (45)
are the parameters of the effective interaction among the
electrons on the A-sublattice sites. If the original D-
dimensional lattice is hypercubic (D = 1 chain, D = 2
square lattice and D = 3 cubic lattice), the parameters
can be expressed in terms of
ω(k) = 2 cos (k/2) (D = 1)
ω(k) = 4 cos (kx/2) cos (ky/2) (D = 2)
ω(k) = 4 cos (kx/2) cos (ky/2) + 2 cos(kz) (D = 3)
(46)
Recall that the effective Hamiltonian Heff operates on
the A-sublattice sites only. Therefore, the summations
in Eq. (43) extend over the k-points of the Brillouin zone
corresponding to the A sublattice which, e.g., is a square
lattice (with different lattice constant) for D = 2 but a
b.c.c. lattice for D = 3.
One can easily check that the total particle-number
NA, the total spin SA and the total momentum opera-
tor QA =
∑
q,σ q c
†
q,σcq,σ are mutually commuting and
commuting withHeff . Correspondingly, the total particle
number NA, the total magnetization MA and the total
momentum QA are conserved quantum numbers.
A. Single spin-flip
We first test the stability of the fully polarized state
|ΨFP〉 =
E(k)≤µ⊗
k
c†k,↑|0〉 (47)
against a single spin flip for arbitrary filling, i.e. for ar-
bitrary NA with 0 ≤ NA ≤ LA. Stability against single
spin flip is ensured if the energy of the state (47) with
MA =
1
2NA is lower or equal to the ground-state energy
of Heff in the sector with the same particle number NA
but with total magnetization MA =
1
2NA − 1.
We consider trial states spanned by the orthonormal
basis states
|q,k〉 = c†k+q,↓ck,↑|ΨFP〉 (48)
with arbitrary q and with k referring to occupied states,
i.e. E(k) ≤ µ. The dimension of the corresponding
Hilbert space sector is LANA. Note that at half-filling,
i.e. NA = LA, all ↑-states are occupied. Furthermore,
it is worth mentioning that trivial degeneracies (apart
from the spin degeneracy resulting from SU(2) symme-
try) arise off half-filling, namely if the total particle num-
ber NA is such that the highest occupied energy levels are
not completely occupied. For D = 1, this is the case for
even NA. Here, |ΨFP〉 is not unique. For those cases we
have checked that it is sufficient to test the stability of
one of the different fully polarized states.
To exploit total-momentum conservation, we make use
of the block-diagonal structure of the Hamiltonian ma-
trix 〈q′,k′|Heff |q,k〉 = δqq′Hqk′k. For a given q, each
block Hqk′k has the dimension NA and is diagonalized
numerically by standard techniques (the largest system
considered here has NA = 10
3). We have performed cal-
culations for dimension D = 1 and fillings 0 ≤ NA ≤ LA.
Our results can be summarized as follows: For all
fillings off half-filling, 0 < NA < LA, there is only a
single state with the same energy as the fully polar-
ized state |ΨFP〉 (in the sector with total magnetiza-
tion MA =
1
2NA − 1) while all other states have higher
energies. This is consistent with the expectation that,
except of the trivial 2SA + 1 spin degeneracy resulting
from SU(2) symmetry, |ΨFP〉 is the unique ground state.
(However, see next Sec. VII B).
At half-filling the fully polarized state is a ground state.
For odd NA, it is unique (apart from the trivial spin de-
generacy). For even NA there are two states with the
same energy as |ΨFP〉 (in the sector with total magneti-
zation MA =
1
2NA − 1). One trivially results from the
SU(2) symmetry and has total spin SA =
1
2LA. It is
obtained as S−A |ΨFP〉 = (SxA − iSyA)|ΨFP〉. There is an-
other one, however, which has total spin SA =
1
2LA − 1.
Concluding, the fully polarized state is stable against a
single spin flip, and there is a non-trivial ground-state
degeneracy at half-filling only.
B. Exact diagonalization
To test these results, we have performed full exact-
diagonalization studies and have calculated the exact
ground state(s) of the effective Hamiltonian, Eq. (43),
for D = 1 in the entire filling range. We again make use
of the block-diagonal structure of the effective Hamilto-
nian given by the conserved quantum numbers NA, MA
and QA. Models with up to ten A-sublattice sites can be
treated easily in this way.
The results can be summarized as follows: At half-
filling the fully polarized state is a ground state. For
odd NA it is the unique ground state (apart from the
trivial spin degeneracy). For even NA = LA, there is
one state with SA =
1
2LA− 1 which has the same energy
as |ΨFP〉. Including trivial degeneracies the ground-state
degeneracy is thus given by 2LA.
Off half-filling, for NA < LA but still above quarter fill-
ing, NA > LA/2, the fully polarized state is the unique
ground state for odd NA, apart from spin degeneracy. In
this case the total ground-state momentum QA = 0. For
even NA, it is still a ground state but there is an ad-
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ditional trivial two-fold degeneracy as there are two or-
thogonal ground states with momenta QA = ±piNA/LA.
Therewith, the exact-diagonalization studies fully sup-
port the physical picture obtained from the variational
approach.
This is different, however, for fillings below quarter fill-
ing, i.e. for NA ≤ LA/2: Still the fully polarized state is
the unique ground state (apart from the trivial spin de-
generacy) if NA is odd. For even NA, however, the unique
ground state is a spin singlet, SA = 0. This means that
as a function of the total particle number NA, the total
spin oscillates between SA = NA/2 and SA = 0. Such
behavior cannot be captured by the stability analysis de-
scribed in the preceding section. This physics is rather
unexpected. A systematic and detailed analysis of the
properties of the total spin-singlet states and the reason
for the oscillations in SA will be addressed in a future
publication.
VIII. DILUTED SYSTEMS
The discussion has been done for a distance d = 2
between the impurities so far but can straightforwardly
be generalized to d > 2 and even to arbitrary impurity
configurations, e.g., diluted systems with very few impu-
rities and systems with reduced or absent translational
symmetries. We continue the discussion for arbitrary lat-
tice dimension D. Typical examples for one-dimensional
systems are sketched in Fig. 5.
For d > 2, a conduction electron is no longer localized
at a single A site only but its motion is confined to a cer-
tain region Aγ in the strong-coupling limit. Accordingly,
the set of conduction-electron sites is divided in different
groups: Sites coupled via J (in the case of Kondo im-
purities) or via V (Anderson impurities) belong to the
group of sites B. The remaining sites belong to A. Fur-
thermore, A is partitioned into sets Aγ where, for each
γ the sites belonging to Aγ are coupled via the hopping
term of the Hamiltonian (see Fig. 5). The considerations
also comprise the single-impurity case (R = 1) as a limit.
In this case and for D > 1, no further partitioning of A
is necessary.
There are three different energy scales to be consid-
ered. The largest energy scale is the excitation energy
of one of the local singlets that are formed by the B and
the impurity sites. This energy is of the order of J (for
the Kondo impurities) or V (Anderson impurities). The
second-largest energy scale is given by the hopping ampli-
tude t of the conduction electrons and is associated with
the delocalization of the conduction electrons in each re-
gion Aγ . The smallest energy scale corresponds to the
motion of conduction electrons through the local singlets
which is accompanied by virtual excitations of the sin-
glets.
This energy scale can be determined by degenerate per-
turbation theory. To this end we decompose the Hamil-
J
Si
tt B
A1 A2 A3 A4 A5
V
U imp
tt B
A1 A2 A3 A4 A5
FIG. 5: (Color online) Schematic structure of a diluted Kondo
lattice (top) and of a diluted Anderson lattice (bottom) for
D = 1. The system of conduction-electrons sites consists of
sites B (red) coupled, via J or V , respectively, to the impurity
sites, and of the remaining sites A (blue). The set of B sites
divides the A sites in different sets Aγ . In the strong-coupling
limit J → ∞ or V → ∞, respectively, each conduction elec-
tron is confined to a certain region Aγ . The sets Aγ may
contain different numbers of A sites for each γ.
tonian H in the following way:
H = H0 +Ht +H1 . (49)
Here H0 describes the local singlets and is given by Eq.
(3) for the case of Kondo impurities and by Eq. (17) for
Anderson impurities. The second term,
Ht = t
∑
〈i,j〉∈A
∑
σ
c†i,σcj,σ , (50)
is the nearest-neighbor hopping of the conduction elec-
trons within the different sets Aγ . The problems associ-
ated with H0 and with Ht are easily solved separately,
and furthermore we have [H0,Ht] = 0. We will thus
consider H0 +Ht as the unperturbed Hamiltonian while
H1 = t
∑
i∈B
n.n.of i∑
j∈A
∑
σ
(
c†i,σcj,σ + H.c.
)
(51)
is treated as the perturbation.
Similar to Eq. (5), the degenerate ground states of the
unperturbed Hamiltonian H0 +Ht can be written as:
|φ0〉 =
⊗
i∈B
|LSi〉
⊗
γ
|Xγ〉 . (52)
Here |LSi〉 denotes a local Kondo singlet |KSi〉 or Ander-
son singlet |i; 2, 0, 0〉, respectively, and |Xγ〉 denotes the
Fermi sea of the system of conduction electrons on the
sites Aγ . The filling of each of these Fermi seas must be
determined by minimization of the total energy.
Apart from extreme cases with one or more completely
filled or empty regions Aγ , one has to perform fourth-
order perturbation theory to lift the macroscopic degen-
eracy of the ground-state energy. Contrary to the pertur-
bation theory for the case d = 2, and in addition to the
virtual excitations of the local singlets, there are virtual
excitations of the “Fermi-sea” ground states of the differ-
ent subsystems Aγ as well. These are described by the
hopping term Ht and, therefore, their excitation energy
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is of the order of t. Formally, all calculations presented
above must be repeated with a largely increased number
of excitations differing in energy by O(t). The corre-
sponding excitation energies E0 − En in the respective
denominator of a term associated with a perturbative
process, however, can be expanded in powers of t. At the
order t4 this does not lead to any correction and, apart
from the hopping term itself, we therefore get the same
result as before, i.e.:
Heff = Ht − α
4
∑
i∈B
n.n. of i∑
j1,...,j4∈Ai
∑
σ
c†j1,σcj2,−σc
†
j3,−σcj4,σ .
(53)
The expression for the effective coupling constant (αK or
αA) are also unchanged, see Eqs. (16) and (27).
For dimensions D ≥ 2 the second term of the effective
Hamiltonian (53) describes interactions between sites be-
longing to different groups Aγ and Aγ′ , as for D = 1.
This applies to cases as shown in Fig. 4, for example (see
also the D = 2 system discussed in Ref. 20). Neverthe-
less, for D ≥ 2 and in the dilute limit, there is typically
a single group A only. It is worth mentioning, however,
that the effective interaction term in Eq. (53) also con-
nects different sites in the same group. Furthermore,
the term can be rewritten in the non-local spin repre-
sentation again, and for d > 2 the different non-local
(bond, plaquette, etc.) spins commute with each other.
One should note, however, that the problem is still non-
trivial as the non-local spins do not commute with the
hopping term Ht. The hopping term may in fact mediate
e.g. magnetic correlations induced by the effective inter-
actions over larger distances. A corresponding applica-
tion showing cooperation of different magnetic exchange
mechanisms has been discussed recently.31
IX. DISCUSSION AND CONCLUSION
Using fourth-order degenerate perturbation theory we
have derived an effective low-energy Hamiltonian Heff for
the depleted Kondo lattice in the strong J regime. When
J →∞, the main physical effect is the formation of local
Kondo singlets at all sites where localized spins are cou-
pled to the conduction-electron system. These singlets
are “integrated out”, i.e., the localized spins and the cor-
responding sites of the conduction-electron system do not
appear in the effective Hamiltonian as any excitation of
a local Kondo singlet requires an energy of the order of
J  t. However, the effective Hamiltonian Heff still re-
members their mere presence, and it causes the excess
conduction electrons to scatter from the singlets. This
scattering effect is already included at the zeroth order
in an expansion in powers of the hopping that links the
sites where the local Kondo singlets are formed with the
rest of the conduction-electron system.
The first non-trivial correction is of fourth order and
yields the effective interactions that are generated among
the excess conduction electrons due to virtual exci-
tations of the Kondo singlets. Effective interactions
therefore result from the internal structure of the local
Kondo singlets and correlate the a priori non-interacting
conduction-electron system. However, at fourth order,
they are restricted to the nearest-neighbor sites of each
of the singlets. For the Kondo impurity model in a semi-
infinite chain geometry, Nozie`res22–24 already pointed out
that a Hubbard-like interaction is induced.
We have explicitly carried out the fourth-order pertur-
bation theory for depleted Kondo lattices with a spin-spin
distance d ≥ 2 (in units of the lattice constant). This also
comprises the single-impurity case. The effective inter-
action comes with a coupling constant αK = 64t
4/3J3
and includes, besides the Hubbard term, a ferromagnetic
Heisenberg exchange term, an antiferromagnetic isospin
exchange, and a correlated hopping through the Kondo
singlet. The appearance of the ferromagnetic spin ex-
change is worth pointing out: Its presence demonstrates
that the Kondo effect not always competes with indirect
magnetic coupling mechanisms that may promote ferro-
magnetism (such as RKKY) but, in the strong-J limit,
even generates ferromagnetic coupling which may induce
ferromagnetic order eventually. Finally, in dimensions
D > 1 additional three- and four-site interaction terms
are obtained.
We found that the effective interaction at the site i
can be rewritten in a very compact and highly symmetric
form as −αKZ2S2i,1/3. Here, Si,1 is the spin operator of
the symmetric, bonding (n = 1) orbital centered around
the singlet at the site i in the conduction-electron system
(Z is the coordination number). Virtual excitations of
the Kondo singlets thus favor the formation of a non-local
conduction-electron spin moment in the nearest-neighbor
shell around each singlet.
Usually, in local Fermi-liquid theory,5,22 this term ∝
α ∝ t4/J3 can safely be neglected against the scattering
effect ∝ t. The effective interaction becomes important
or even dominating, however, for depleted Kondo lattices
where the non-local spins start to overlap. In the model
with distance d = 2 between the localized spins, there is
in fact no hopping term at all in Heff : The excess con-
duction electrons are localized between the local Kondo
singlets, and the effective interaction, via the Hubbard
term, not only produces completely local spin moments in
the conduction-electron system but also, via the Heisen-
berg term, couples them ferromagnetically. At the same
time, the isospin and the correlated hopping terms are
basically ineffective. This “inverse indirect magnetic ex-
change” has been seen to lead to a ferromagnetic ground
state in DMRG calculations for the D = 1 dimensional
model at half-filling.20
Here, we could prove analytically that the ground state
is ferromagnetic (if non-degenerate). Namely, as indi-
cated above, the d = 2 depleted Kondo lattice reduces in
the strong-J limit to a spin-only lattice model of the form
∝∑i S2i,1. This model is still non-trivial as the non-local
orbitals |i, σ, 1〉 = f†i,σ,1|vac.〉, to which the spins Si,1 re-
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fer to, are just overlapping which makes the respective
spins non-commuting. However, by grouping the Kondo
singlets and the associated non-local spins in sublattices
such that overlap is avoided, the model on each individual
sublattice is easily seen to have a ferromagnetic ground
state. At half-filling, this rigorously proves that the fully
polarized Fermi sea of electrons filled into the band de-
riving from the orbitals |i, σ, 1〉 is the ground state (or
among the ground states in case of degeneracy).
Off half-filling, the magnetic properties of the one-
dimensional depleted Kondo lattice with d = 2 are not
finally clarified. We could, however, get some insight
by testing the fully polarized ferromagnetic state against
a single spin flip as well as by exact-diagonalization
(Lanczos) calculations for small systems with up to ten
conduction-electron sites in the effective Hamiltonian.
The results can be summarized as follows: The fully po-
larized state is the unique ground state at half-filling and
for fillings off half-filling but still above quarter filling
(for odd total number of electrons; otherwise there is a
small degeneracy). Below quarter filling, however, the
(unique) ground state is ferromagnetic for an odd but a
total spin singlet for an even number of excess conduc-
tion electrons. This rather unexpected behavior awaits a
physical explanation. Further studies are under way, and
results will be published elsewhere.
Finally, an only marginally more complicated pertur-
bative analysis is necessary to treat the depleted An-
derson lattice in the strong V limit. This limit is in-
teresting as it produces the same effective low-energy
model Heff at fourth order albeit with a different cou-
pling constant αA = t
4(U3 + 48UV 2)/24V 6. As ex-
pected, this reduces to αK in the (extended) Kondo
limit27,28 where charge fluctuations are suppressed and
the Schrieffer-Wolff transformation applies. In other pa-
rameter regimes (but still for strong V ) the coupling con-
stant for the Anderson case is larger than that of the
Kondo case, αA > αK , if compared at J = 8V
2/U .
Comparing the results of DMRG calculations for both
models (D = 1, d = 2, half-filling) in fact shows that the
fully polarized ferromagnetic state, which is characteris-
tic for the strong-coupling limit (J or V , respectively), is
approached earlier in the Kondo case.
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Appendix A: Eigenvectors and eigenvalues of the
unperturbed Hamiltonian
Here, we present the eigenvalues and eigenvectors of
the unperturbed Hamiltonian H(i)0 , which is a building
block of the total unperturbed Hamiltonian. To label
the orthogonal and normalized eigenvectors |i; q,m, l〉, we
introduce the following quantum numbers: q = 0, . . . 4
is the total number of particles, and m = 0,±1/2,±1 is
the magnetic quantum number corresponding to the total
spin. Furthermore, l enumerates states in the sector with
given q and m. One easily finds the following results:
(i) ground-state energy and ground state (spin and
isospin singlet, non-degenerate):
E(i)2,0,0 = −
1
4
√
U2 + 64V 2
|i; 2, 0, 0〉 = 1√
2
cos
α
2
(
c†i,↑f
†
i,↓|i; 0〉 − c†i,↓f†i,↑|i; 0〉
)
− 1√
2
sin
α
2
(
f†i,↑f
†
i,↓|i; 0〉+ c†i,↑c†i,↓|i; 0〉
)
(ii) first excited energy level (broken singlet states, 4-
fold degenerate):
E(i)1,±1/2,0 = E(i)3,±1/2,0 = −
1
4
√
U2 + 16V 2
|i; 1, σ, 0〉 = cos β
2
f†σ|i; 0〉 − sin
β
2
c†σ|i; 0〉
|i; 3, σ, 0〉 = cos β
2
c†i,↑c
†
i,↓f
†
σ|i; 0〉+ sin
β
2
c†σf
†
i,↑f
†
i,↓|i; 0〉
(iii) second excited level (spin triplet, 3-fold degener-
ate):
E(i)2,0,1 = E(i)2,±1,0 = −
1
4
U
|i; 2, 0, 1〉 = 1√
2
(
c†i,↑f
†
i,↓|i; 0〉+ c†i,↓f†i,↑|i; 0〉
)
|i; 2, 2σ, 0〉 = c†σf†σ|i; 0〉
(iv) third excited level (isospin triplet, 3-fold degener-
ate):
E(i)2,0,2 = E(i)0,0,0 = E(i)4,0,0 =
1
4
U
|i; 2, 0, 2〉 = 1√
2
(
c†i,↑c
†
i,↓|i; 0〉 − f†i,↑f†i,↓|i; 0〉
)
|i; 0, 0, 0〉 = |i; 0〉
|i; 4, 0, 0〉 = c†i,↑c†i,↓f†i,↑f†i,↓|i; 0〉
(v) fourth excited level (broken singlet states, 4-fold
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degenerate):
E(i)1,±1/2,1 = E(i)3,±1/2,1 =
1
4
√
U2 + 16V 2
|i; 1, σ, 1〉 = sin β
2
f†σ|i; 0〉+ cos
β
2
c†σ|i; 0〉
|i; 3, σ, 1〉 = sin β
2
c†i,↑c
†
i,↓f
†
σ|i; 0〉 − cos
β
2
c†σf
†
i,↑f
†
i,↓|i; 0〉
(vi) fifth excited level (spin and isospin singlet, non-
degenerate):
E(i)2,0,3 = −
1
4
√
U2 + 64V 2
|i; 2, 0, 3〉 = 1√
2
sin
α
2
(
c†i,↑f
†
i,↓|i; 0〉 − c†i,↓f†i,↑|i; 0〉
)
+
1√
2
cos
α
2
(
f†i,↑f
†
i,↓|i; 0〉+ c†i,↑c†i,↓|i; 0〉
)
In these expressions, |i; 0〉 refers to the state where
both, the conduction-electron site i as well as the corre-
sponding impurity site are empty. Furthermore, we have
used the notation
cosα ≡ U√
U2 + 64V 2
, sinα =
8V√
U2 + 64V 2
,
cosβ ≡ U√
U2 + 16V 2
, sinβ =
4V√
U2 + 16V 2
,
and σ =↑, ↓ corresponds to σ = ±1/2.
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